The objective of our research is to build a statistical test that can evaluate different risks of a portfolio selection model with fuzzy data. The central points and radiuses of fuzzy numbers are used to determine the portfolio selection model, and we statistically evaluate the best return by a fuzzy statistical test. Empirical studies are presented to illustrate the risk evaluation of the portfolio selection model with interval values. We conclude that the fuzzy statistical test enables us to evaluate a stable expected return and low risk investment with different choices for k, which indicates the risk level. The results of numerical examples show that our method is suitable for short-term investments.
Introduction
The portfolio selection model has been well developed on the basis of a mean-variance approach. It was first proposed by Markowitz [14] - [16] , who combined probability and optimization theories to analyze the performance of economic agents. The key principle of the mean-variance model is to use the expected return of a portfolio as investment return and the variance of the expected returns of the portfolio as investment risk. Most of the existing portfolio selection models are based on probability theory. The meanvariance portfolio selection problem has been studied by Sharpe [23] , Merton [17] , Perold [21] , Pang [19] , Voros [27] , and Best [2] , [3] . To analyze uncertain phenomena in the real world, multivariate data analysis has been applied to investigate portfolio selection problems. For example, Zhang et al. [40] discussed the portfolio selection problem when the returns of assets are fuzzy numbers. Hasuike et al. [8] discussed two portfolio selection problems including probabilistic future and ambiguous expected returns. Moreover, Hasuike and Ishii [7] discussed a portfolio selection problem with type-2 fuzzy returns involving interval numbers and considering investor's subjectivity. Giove, et al. [6] discussed a portfolio selection problem in which the prices of the securities are treated as interval variables. To deal with such an interval portfolio problem, they adopted a minimax regret approach based on a regret function. Some other research works discussed how to solve fuzzy portfolio selection models, as Peng et al. [20] addressed the portfolio selection problems in fuzzy environments by a credibility programming approach based on a credibility measure (see [13] ). Wang et al. [29] proposed a new real options analysis approach by combining the binomial lattice-based model with a fuzzy random variable. Zhang et al. [36] proposed a model to convert the forecasted uncertain values into normal fuzzy numbers. Tanaka and Guo [24] , [25] proposed two types of portfolio selection model based on fuzzy probabilities and exponential possibility distributions, respectively. Wang and Zhu [30] , and Lai et al. [9] constructed interval programming models of portfolio selection. Zhang and Wang [39] and Zhang et al. [38] discussed the portfolio selection problem based on the (crisp) possibilistic mean and variance when short sales are not allowed at all risky assets. Watada [28] , Ramaswamy [22] , and Leon et al. [10] discussed portfolio selection using fuzzy decision theory.
Most studies did not consider any kind of probability distribution function with fuzzy random variables. Moreover, no statistical test was applied to examine the results of the portfolio selection model with fuzzy data. In view of this weakness, the objective of this paper is to develop a statistical test to evaluate the results of the portfolio selection model with fuzzy data. First, we deal with the problem of finding the distribution function with fuzzy data.
The distribution function must be predicted under a specified condition or for a situation given in advance (see [18] ). When we want to work with fuzzy data, the underlying probability distribution of the fuzzy data is not known. It is not easy to describe such information in terms of statistics. Therefore, we must establish techniques to handle such information and knowledge. Following Zadeh [34] , [35] , we will use fuzzy set theory and take the concept of fuzzy statistics into consideration. Fundamental statistical measurements such as mean, median and mode are useful for illustrating characteristics of a sample distribution. More research works should focus on fuzzy statistical aspects of the model and its applications in engineering, medical and social science. Wu and Cheng [31] identified a model structure through qualitative simulation; Casalino et al. [4] , Esogbue and Song [5] , and Wu and Sun [32] discussed the concepts of fuzzy statistics and applied them to social surveys. Wu and Tseng [33] [12] proposed a new weight function of fuzzy numbers defined by the central point and radius. Moreover, Lin et al. [11] proposed a method to recognize the underlying distribution function using its central point and radius, which gives us more information about the original fuzzy data.
The objective of this paper is to build a statistical test of fuzzy data, and apply it to a portfolio selection problem with interval values, and then statistically evaluate the best return. In the first step, we need to find the probability distribution function and each parameter in the probability distribution functions. When we know the distribution function of each parameter, we can easily calculate the expected return and variance. Those values can enable us to define a portfolio selection model with interval values. We also give a decision by a fuzzy statistical test, which explicitly tells us whether or not we statistically accept the risk in investment.
The rest of the paper consists of the following. Section 2 gives a brief review of the related studies. The main method is described in Sect. 3. Section 4 illustrates empirical studies with interval values and how to apply a fuzzy statistical test on the portfolio selection model. Finally, the concluding remarks and the topics of further studies are presented in Sect. 5.
Notations and Preliminary Definitions

Fuzzy Numbers
To proceed with the detailed discussion, it would be more advantageous to introduce some useful notation. Note that fuzzy number F i denotes a vector form because of central point and radius. Notation A i : acceptance region of i A: 2-dimensional acceptance region A = A o × A l α: significance level C: a subset of a specified collection of elements in U C i : a specified collection of element i ε: risk level 
optimal solution vector of model (1) which is
x i : the proportion invested in asset i X i : random variables of ī X n : sample mean of the data set with size n Zadeh [34] proposed fuzzy set theory to deal with the vagueness in data, where membership grade of a fuzzy set is a value between 0 and 1, although the characteristic function of a set takes only a value of 0 or 1. The following definitions of fuzzy numbers will be used in the whole paper. Definition 1 [18] Let U be a universal set and C = {C 1 , C 2 , · · · , C n } be the subset of a specified collection of elements in U. For any term or statement X on U, the membership function of {C 1 , C 2 , · · · , C n } is denoted {μ 1 (X), μ 2 (X), · · · , μ n (X)}, where μ : U → [0, 1] is a real value function. If the domain of the universal set is discrete, then the fuzzy number x of X can be written as
where
If the domain of the universal set is continuous, then the fuzzy number x can be written as
Note that, many writings denote a fuzzy number as
where "+" stands for "or", and "
· · " denotes the membership μ i (X) on C i . Definition 2 Fuzzy Sample Mean (data with interval values) [18] Let U be a universe set and
n} be a sequence of a random fuzzy sample on U. Then, the fuzzy sample mean value is defined as 5, 8] , and F 5 = [3, 7] be the starting salary for 5 newly graduated master's students. Then, the fuzzy sample mean for the starting salary of the graduated students will bē When we have fuzzy numbers, we need statistical methods to deal with the data. Let us recall that a fuzzy statistical test means a statistical test which can deal with fuzzy data. First, we introduce a traditional statistical test in the following subsection.
Statistical Analysis
Let X 1 , · · · , X n be a sequence of random variables (not necessarily normally distributed). We say that the X i are independently identically distributed (i.i.d) if the X i are independent and have the same distribution. We write
andX n = W n n to denote the total and average, respectively, of the nX i s. We introduce the most important theorem in statistics as follows.
Theorem 1 Central Limit Theorem [1]
Let X 1 , · · · , X n be i.i.d. random variables with mean m and variance σ 2 . Let
Then, Z n converges in distribution to Z as n → ∞. We denote
where Z distributes according to a standard normal distribution function N(0, 1).
Note that m denotes mean and μ expresses a membership function.
In statistics, functions of observations are often important. Therefore, we introduce the following statistical test. [26] For samples X 1 , X 2 , · · · , X n of a normally distributed stochastic quantity X ∼ N(m, σ 2 ), a statistic for the hypoth-
Theorem 2 T -test
and the acceptance region A for T under probability α for an error of the first type is
whereX n and S n are the sample mean and the sample standard deviation of the data, m 0 is a specified value, n the sample size and t n−1;1−
2 )-fractile of the t-distribution with degree of freedom n − 1, respectively.
When the above information is given, we have provided all prior knowledge for dealing with a portfolio selection problem. Now, we give a brief description of the portfolio selection model in the following subsection.
Markowitz's Portfolio Selection Model
Markowitz's mean-variance model is based on a probability distribution in which uncertainty is equated with randomness [14] - [16] . That is, the return on the ith asset, r i , will be regarded as a random variable.
Consider a market with n risky assets. An investor's position in this market is described by a portfolio vector 
The objective of the investor is to choose a portfolio that maximizes the return on the investment under some constraints on the risk of the investment.
A mean-variance model can be formulated mathematically for portfolio selection as
where ε(ε ≥ 0) represents the risk level,
is the covariance, and a i and a j are random variables, ∀i, j = 1, 2, · · · , n. Here, we rewrite formula (5) clearly in the following formula:
That is, we need to solve the following programming problem:
We will introduce the fuzzy statistical test on portfolio selection model in the following section.
Fuzzy Statistical Test on the Portfolio Selection Model
Assume that there are n distinct tradable assets in the market. The terminal rate of return for asset i, denoted as r i , ∀i = 1, 2, · · · , n, is assumed to be a fuzzy random variable. By the widely accepted definition, the expectation of a fuzzy random variable is a fuzzy variable. We give some definitions to express the total fuzzy return R on a portfolio vector x, where x = [x 1 , x 2 , · · · , x n ] is an n row vector.
Portfolio Selection Model with Interval Values
Let
be interval values on the probability space Ω, where o i is a random variable of central point of F i , and l i is a random variable of the radius of
Definition 4 Fuzzy Expected Return (data with interval values) For the proportion invested in asset
i, ∀i = 1, 2, · · · , n, we have x = [x 1 , x 2 , · · · , x n ] . Definition 3 specifies the fuzzy expected return of F i , i.e. F i ≡ (o i , l i ), ∀i = 1, 2, · · · , n, as follows: E[R(x)] ≡ n i=1 E(F i )x i = ⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ n i=1 E(o i )x i , n i=1 E(l i )x i ⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ . Note that R[x] ≡ n i=1 F i x i , ∀i = 1, 2, · · · , n.
Definition 5 Fuzzy Portfolio Variance (data with interval values)
For the proportion invested in asset i, ∀i = 1, 2, · · · , n.
. Definition 3 specifies the fuzzy portfolio variance of F i , ∀i = 1, 2, · · · , n, as follows:
Now, let us describe the portfolio selection model with interval values as follows.
Model 1 Portfolio Selection Model with Interval Values
Let 
where ε (ε ≥ 0) represents the risk level,
To reduce the calculation load, we rewrite formula (8) into the following formula:
Note that because
We can obtain another restriction in the same way, i.e.,
we can obtain the optimal solution of the model 1 in (9) by choosing different values for k (k ≥ 0), which indicates the acceptable risk level. We obtain the optimal solution vector
. Moreover, when we obtain the optimal solution vector
, we can calculate the fuzzy expected return E(R(x * )):
Fuzzy Statistical Test for the Portfolio Selection Model
First, we define a T -test with interval data.
Definition 6 T -test with interval values
For interval values (10) where
] in this paper. The acceptance region A for T under probability α for an error of the first type is defined as
Note that According to Definition 6 and Formula (9) in Model 1, we say that if m 0 ∈ A, then we do not reject the null hypothesis H 0 . In this situation, the decision of K is
we do not re ject H 0 }.
Note that m 0 ∈ A means that m o 0 ∈ A o and m l 0 ∈ A l . Hence, we obtain the solution of Model 1 with different k and get a set K. Now, we give the procedure of solving the portfolio selection model with interval values by a fuzzy statistical test in the following subsection.
Procedure of Solving Portfolio Selection Model with Interval Values
The procedure can be written in the following to solve portfolio selection model with interval values by a fuzzy statistical test:
Step 1. Collect the fuzzy data and calculate the return of each exchange currency with interval values.
Step 2. Compute o i and l i , ∀i = 1, 2, · · · , n.
Step 3. Identify the underlying distribution by simulating o i and l i .
Step 4. Calculate the parameters for the expected value and variance in model (9).
Step 5. Solve the optimization model (9) with different values k. Stop solving the model when the optimal solution is indicated with only one asset and Step 6. Calculate K by Definition 7.
Step 7. Obtain the optimal vector solution x * with different k in K.
Step 8. Compute the possibility distribution of the fuzzy expected return R(x * ) with different k in K.
To illustrate our proposed effective meanings and approaches to obtain efficient portfolios, we exemplify a real portfolio selection problem in the following section.
Empirical Studies
Example 2 We selected five exchange currencies (USD, [a, b] , where a is the minimum price, and b is the maximum price in one day. We presented some interval values in Table 1 . Suppose that we buy the five exchange currencies with opening prices on July 1. We assume that an investor buy 5 exchange currencies on July 1, and do not take any action from the day he bought around half a year. Our objective is to choose a portfolio that maximizes the return (interval values) on the investment under some constraints on the selection with different risks k. Moreover, we make the decision for selecting the best return by a fuzzy statistical test.
First Table 3 presents the data. We simulated the values o and l, respectively. We obtain the probability distributions O and L for each respective exchange currency. Table 4 presents the results.
Note that the abbreviation LOG denotes logistic distribution, W, N, and Γ denote Weibull distribution, normal distribution and gamma distribution, respectively.
When we knew the distribution function, we used the moment method estimator (MME) to estimate the parameter for each distribution function. Hence, we could find out the expected values and variances by using those parameters. Table 5 shows the results. 
We rewrite the model with estimated parameters as follows: max −4.23x 1 + 4.44x 2 + 6.03x 3 + 0.80x 4 
We solved Model (15) by using GP-IGP (Linear and Integer Goal Programming). The result depends on the selection with different values of k. We gave the value k greater than zero and accurate to second decimal places in this example. We present the result in Table 6 . (14) and (15) 
Explanation of decision with T-test
In Table 6 , for example, when k = 2.5, we have x * = [0.52, 0, 0.48, 0, 0] . We calculated the return
Therefore, we obtained 124 new data points.
We calculated the expected value m and standard deviation S n by Minitab15 Hence, we obtained the fuzzy expected return
The interval value of the fuzzy expected return was [0. 28, 1.20] . Using the same method for the other values of k, we can also obtain the respective interval value of the fuzzy expected return. We present the results in Table 7 .
In Table 7 , we can see that we accepted the hypothesis for k ≤ 2.83 and that we had a stable return for k ≥ 2.81 because we had the same expected return of radius. Moreover, we cannot solve model (15) for k > 2.83. We obtained a negative return for k ≤ 2 and the maximum return for k = 2.83. We got the optimal solution x * = (0, 0, 1, 0, 0) when k = 2.83. Therefore, we stop solving the model.
In this example, we conclude that the maximum fuzzy expected return was [5.50, 6 .56]. We present a scatterplot of Hence, the lower possibilistic mean-standard deviation 
and the upper possibilistic mean-standard deviation model was max −3.73x 1 + 4.89x 2 + 6.43x 3 + 1.44x 4 + 3.06x 5 s.t. Table 8 shows the results, where L * denotes the optimal solution in model (17) , and U * denotes as the optimal solution in model (18) .
From Table 8 , we can see that when we choose 5 i=1 x i = 1, the optimal solution of model (17) and (18) are the same as x * = [0, 0, 1, 0, 0] . Hence, we obtained the fuzzy expected return
The interval value of the fuzzy expected return was [5.41, 6 .43].
Discussion
In this paper, we attempted to establish a fuzzy statistical test. We proposed a method to defuzzify fuzzy data. That is, we used central point and radius instead of interval data. Therefore, the central point and radius were simplified to real numbers and had statistic characteristic. We estimated the probability distribution by using central point and radius and calculated the expected value and variance based on the estimated parameters of the underlying probability distribution. We supported the efficacy of the proposed method through an application of maximizing investment portfolio of foreign exchange currencies. An empirical study of a portfolio selection model was conducted based on a fuzzy statistical test in Example 2.
Example 2 showed that we chose only one exchange currency (AUD) and had the maximum expected return in (5.50, 6.56) when k = 2.83. We say that we have a stable return for k ≥ 2.81 because we have the same expected return of radius. Moreover, we get a negative value of return when the value k is less than or equal to 2. We can see that we accepted all the values k for selecting the best return in Example 2. That is, we chose the expected return when k = 0.5, 1, 1.5, 2, 2.5, 2.6, 2.7, 2.8, 2.81, 2.82, 2.83. But in fact that we do not accept all the expected return because we need to consider financial reports, experts' individual experiences and other factors in real world. For example, we do not want to buy a negative expected return when the value k is less than or equal to 2. Hence, in this example, we thought that an investor can consider to buy a portfolio when the value k is greater than 2.
In Example 3, we took the same interval returns as Example 2 and used Zhang's model [37] to solve the portfolio selection problem. The author took the left and right points of the interval returns to build separated models, thus obtaining the maximum expected return by solving these separated models. The results showed that Zhang obtained the maximum expected return by choosing only one exchange currency (AUD). Table 8 to illustrate the optimal solutions. The value Table 8 is the same as in Table 6 . We made a decision by a fuzzy statistical test in this example and accepted all the solution (L * , U * ) under different conditions. We could see that we got positive values of expected re-turn in different conditions in Table 8 . The expected return is better than the expected returns in Example 2 when the value 5 i=1 x i is equal to 0.23, 0.46, 0.68 and 0.91, but will get less return when 5 i=1 x i = 1 and choose only one exchange currency (AUD). (i.e. the optimal solution is x * = (0, 0, 1, 0, 0) .) We conclude that although we accepted all the expected return in this example, but it is shortcoming that the author did not consider the risk level and only chose one exchange currency in different conditions.
In both these two examples, we can see that our model can give a greater expected return than the expected return in Zhang's model when k = 2.83. Moreover, we provide different risk levels for investors to make decision. The fuzzy statistical test also provides reasonable results in our model. We not only make a decision by a fuzzy statistical test but also consider financial reports, experts' individual experiences and other factors in real world.
The results base on a fuzzy statistical test can indicate two informations as follows. 1. In our paper, we tested the expected return by a fuzzy statistical test, the results indicated whether we should accept or reject the expected return. 2. Since the expected return was solved from the portfolio selection model and the parameters in the model were calculated by estimated parameters of underlying distribution function, we conclude that if we accept the hypothesis (i.e. expected return), it means that it is no problem from data extraction to get an expected return based on the value k.
In our paper, we provide the risk level k for investors to make decision. We need to decide the value k first and solve the linear programming model many times until we get the solution with only one exchange currency. Because of setting the value k in the model, we have many expected returns which depend on the value k. We obtain a maximum return with different risk levels in our model and make a decision for selecting the best return by a fuzzy statistical test. We conclude that it is conservative investment and more objective for investors to make decision when they buy many exchange currencies. We also conclude that the evaluation by the fuzzy statistical test enables us to obtain a stable expected return and low risk investment with different choices based on the risk level k.
Conclusions
In this paper, we established a statistical test of fuzzy data which is called as fuzzy statistical test. We introduced a concept for "defuzzifying" fuzzy data into real numbers. That is, we use the central point and radius instead of the interval data. Hence, the central point and radius will have the statistic characteristics as mean and variance, and the conventional statistic test can be applied. In order to illustrate the efficacy of the proposed method, we introduced an application of maximizing investment portfolio of foreign exchange currencies.
The portfolio selection model was built by using expected value and variance of central point and radius. The expected value and variance was calculated by the estimated parameters of underlying distribution function. We evaluated the best return by a fuzzy statistical test. In this procedure, from data extraction to fuzzy statistical test, it is no doubt that the model can deal with the interval data, so does the fuzzy statistical test, because we had "defuzzifying" fuzzy data into real numbers before we solved the portfolio selection model. Hence, the model becomes to a traditional linear programming model.
The empirical studies showed that we could provide many risk levels and expected returns. It's more objective for investors to make decision when they buy exchange currencies. But we still have further points need to improve in the future as follows:
1. In this paper, we just considered the interval returns.
We thought that if we can estimate the returns with triangular fuzzy numbers or trapezoid fuzzy numbers in the future, it will make the proposed method more realizable. 2. In the proposed portfolio selection model, we gave a constraint inequality with risk level k which was given in advance. We made the value k greater than zero and accurate to second decimal places in our paper. We thought that we can give more risk levels and results for investors to make decision in the future. 3. In fact that the financial market is affected by many non-probabilistic factors and the future returns of risky assets cannot be predicted accurately in any uncertain economic environment. Although we can evaluate and select the best return by a fuzzy statistical test, we thought that we also need to consider financial reports, experts' individual experiences and other factors in real world.
